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A multi-scale modeling framework is proposed for generating the eﬀective nonlinear thermo-viscoelastic responses of
multi-layered and thick-section composites. The modeling framework is demonstrated for multi-layered composite systems
consisting of two alternating ﬁber-reinforced polymeric layers: unidirectional ﬁber (roving) and continuous ﬁlament mat
(CFM). The viscoelastic behavior of the polymeric matrix is considered as stress-dependent and thermo-rheologically com-
plex. Two simpliﬁed 3D micromechanical models with periodic boundary conditions are formulated for the roving and
CFM. In addition, a sublaminate model is developed for the 3D eﬀective homogenized through-thickness response of
the roving and CFM layers. This framework provides an eﬀective time-dependent material response while simultaneously
recognizing the corresponding deformation at the microconstituents under overall thermo-mechanical loadings at the
macro-level. Stress correction algorithms are developed at each scale to enhance computational eﬃciency and accuracy.
Short-term (30 min) creep tests on oﬀ-axis multi-layered specimens are also conducted under combined stresses and tem-
peratures to calibrate in-situ ﬁber and matrix properties and verify the predictions of the multi-scale framework. A time-
shifting method is applied to create long-term material behaviors from the available short-term creep data. Veriﬁcation of
the multi-scale material framework is also done for the overall long-term responses. Finally, long-term structural analyses
under thermo-mechanical loadings are conducted by integrating the multi-scale material framework to ﬁnite element (FE)
structural analyses.
 2008 Elsevier Ltd. All rights reserved.
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logically complex materials (TCM). Current works on modeling temperature dependent viscoelastic responses
have been extensively driven by the assumption of TSM, in which the temperature eﬀect is incorporated only
through a time-scale shift factor (Leaderman, 1943; Ferry, 1960). This assumption is valid when the conﬁgu-
ration of the polymers’ molecular structures is not aﬀected by temperature changes such that the instantaneous
elastic and long-term material properties are independent on temperatures. When the polymers’ molecular
structures signiﬁcantly change as their thermal environment is altered, the materials are classiﬁed as TCM,
e.g., Caruthers and Cohen (1980, 2004), Peretz and Weitsman (1983), Harper and Weitsman (1985), Wineman
and Rajagopal (2001), and Tschoegl et al. (2002).
Studies on thermo-viscoelastic behaviors of thick-section multi-layered ﬁber reinforced polymer (FRP)
composites having diﬀerent forms of reinforcement layers are still limited. Spence (1990), Bank and Mosallam
(1990), Mottram (1993), McClure and Mohammadi (1995), Scott and Zureick (1998), and Haj-Ali and Muli-
ana (2003b) performed creep tests on multi-layered composite specimens and structural components at ﬁxed
environmental conditions. The multi-layered systems consisted of alternating layers of E-glass unidirectional
ﬁber and continuous ﬁlament mat (CFM). Nonlinear behaviors were shown at high load levels, and progres-
sive damage occurred while increasing the load up to failure. Muliana et al. (2006) conducted creep tests under
several combined stress and temperature levels on the thick-section multi-layered E-glass/vinylester compos-
ites. It was shown that the tested multi-layered composites follow the TCM.
Several homogenization techniques that include detailed constituent microstructures and properties have
been proposed to evaluate eﬀective elastic and inelastic responses of heterogeneous materials. Each constituent
is represented with a homogeneous and continuous medium. Homogenization method based on dilute-distri-
bution (Eshelby, 1957), self-consistent models (Kerner, 1956; Hill, 1965; Willis, 1977; Christensen and Lo,
1979), variational method (Hashin and Shtrikman, 1962), and diﬀerential scheme (McLaughlin, 1977) were
formulated with speciﬁed stress–strain ﬁelds in the microstructural geometries and prescribed boundary con-
ditions. Dvorak and Srinivas (1999) presented a general formulation for estimating eﬀective elastic moduli of
heterogeneous materials by introducing a constant weight coeﬃcient for each phase. This approach did not
require selecting certain material tensors to impose speciﬁc phase’s interaction. It was shown that this method
is general and compatible with the self-consistent and Mori–Tanaka methods. The above micromechanical
models, which were derived with detailed stress–strain ﬁelds, can give exact response characteristics of com-
posites; however, it is often diﬃcult to obtain closed form solutions especially when material nonlinearity
and complex loading, i.e., combined thermal and mechanical eﬀects are also involved. Another micromechan-
ical modeling approach is a unit-cell model based on a representative volume element (RVE), which can be
found in Aboudi (1990), Aboudi (2005), van der Sluis et al. (1999), Haj-Ali and Pecknold (1996), Haj-Ali
et al. (2001), Haj-Ali and Kilic (2003a). The unit-cell method allows modeling complex microstructural
geometries and predicting overall composite responses at diﬀerent geometrical features. This method is
computationally eﬃcient and suitable for incorporating stress, temperature, and other ﬁeld dependent
(non-constant) constituent properties of composites at multiple length-scales. Detailed discussion of various
micromechanical models and bounds on the eﬀective mechanical properties are given in Christensen (1990),
Nemat-Nasser and Hori (1999), and Zheng and Du (2001).
To date, limited micromechanical models have been formulated to analyze thermo-viscoelastic behaviors of
heterogeneous materials that follow TCM. Hashin et al. (1987) used a concentric cylinder assembly (CCA) and
a hexagonal periodic array to predict thermo-viscoelastic behaviors of unidirectional ﬁber composites having
an elastic ﬁber and a TCM matrix system. It was assumed that the time–temperature variations were distrib-
uted uniformly throughout the ﬁber/matrix phases. Numerical results were presented for creep strains under
isothermal and cyclic temperature conditions. Sadkin and Aboudi (1989) and Aboudi (1990) used the method
of cell (MOC) to analyze thermal eﬀects on the viscoelastic response of unidirectional ﬁber reinforced compos-
ites. The viscoelastic matrix was modeled as a TCM material, in which its material parameters were temper-
ature-dependent and not functions of stresses. Predictions were compared with longitudinal and transverse
creep responses of graphite/epoxy composites generated using a detailed FE unit-cell. Haddad and Tanari
(1989) proposed a microstructural model for temperature-dependent creep responses of randomly oriented
and short ﬁber. Both ﬁber and matrix exhibited linear viscoelastic behaviors. The time-dependent behavior
of the individual ﬁber-bundle was formulated as a combination of a viscoelastic matrix substance within
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dence principle of viscoelasticity to study the time–temperature behaviors of composite materials. Each phase
in the composite system was modeled as TSM with linear viscoelastic and the resulting overall composite
properties are TCM. A numerical model was presented to examine the TCM behaviors of the studied com-
posite systems. A comprehensive study of micromechanical modeling of heterogeneous materials that follow
TCM and experimental test for in-situ material characterization are still lacking.
Multi-scale modeling frameworks have been developed to enhance understanding of microstructural inﬂu-
ence on the global composite structural response. Micro–macromechanical modeling approaches that provide
macroscopic responses at speciﬁc material points by performing detailed FE calculation of the RVE have been
proposed, e.g., Ghosh et al. (1995), Smit et al. (1998), Feyel and Chaboche (2000), Markovic et al. (2005), Sei-
del et al. (2005), and Allen and Searcy (2006). This approach recognizes changes in the microstructural geom-
etries and interaction between constituents during deformation, which is useful to simulate localized
mechanisms, e.g., damage, debonding. It has also been shown that the micro–macromodeling approaches
are capable of incorporating general constitutive material models derived within a thermodynamic framework.
However, the micro–macro framework is computationally expensive, especially when material nonlinearity is
also incorporated. Another multi-scale method is an integrated micromechanical-structural analysis. This
approach formulates a homogenized unit-cell model at the micro level, which is implemented at the material
points in the FE structural model, e.g., Pecknold and Haj-Ali (1993), Haj-Ali and Pecknold (1996). Haj-Ali
and Muliana (2003b) and Muliana and Haj-Ali (2004, 2006) extended the integrated micromechanical-struc-
tural framework for analyzing viscoelastic and collapse in layered composites structures. Micromechanical
models of unidirectional and random ﬁbers with a stress-dependent viscoelastic matrix were developed. The
integrated micromechancial-structural approaches recognize microstructural constitutive responses during
deformations.
The present paper develops a multi-scale framework that relates nonlinear viscoelastic responses of the
polymeric matrix constituents to the overall thermo-viscoelastic behaviors of multi-layered composite systems.
The studied multi-layered composites consist of alternating layers of unidirectional ﬁber (roving) and contin-
uous ﬁlament mat (CFM). Unit-cell models are generated for the roving and CFM microstructures. The vis-
coelastic constitutive model of the TCM having stress and temperature dependent material properties is used
for the polymers. A sublaminate model is formulated to homogenize roving and CFM viscoelastic responses.
This multi-scale framework is designed to be compatible with displacement based FE structural analyses. The
paper is organized as follows. Section 2 introduces a constitutive model of TCM for an isotropic matrix sys-
tem. A time integration scheme is generated for the TCM constitutive model. Section 3 describes the formu-
lation of the multi-scale framework for thermo-viscoelastic analyses of multi-layered composites. Section 4
deals with calibration of the in-situ ﬁber and matrix properties and prediction of the overall time-dependent
responses using the multi-scale framework. Short-term creep tests on oﬀ-axis specimens under combined stres-
ses and temperatures are used and the time temperature superposition principle (TTSP) is then applied to cre-
ate long-term material behaviors. Finally, Section 5 presents long-term FE structural analyses of multi-layered
composite structures under thermo-mechanical loadings.
2. Thermo-rheologically complex material model for isotropic matrix
A time-integration algorithm of thermo-mechanical viscoelastic behaviors of the isotropic matrix is formu-
lated in this section. The algorithm is derived for small strain and uncoupled thermo-mechanical problems.
The Schapery (1969) nonlinear single integral constitutive model is modiﬁed to include the time–temperature
variations, which refers to a class of TCM. Schapery (1974) and Sadkin and Aboudi (1989) have derived con-
stitutive model for TCM, which involves two time-scales for incorporating temperature and stress variations.
The use of two time-scales in the constitutive material models makes material characterization very challeng-
ing. Moreover, performing numerical solutions for this type of TCM is impractical, as it requires extra com-
putational cost due to the diﬀerent time-scales. In this study, the stress and temperature histories can be linked
to one time scale without any restriction for temperature or stress variations. Previously developed recursive-
iterative algorithm for stress-dependent viscoelastic behaviors (Haj-Ali and Muliana, 2004) is modiﬁed to
include time–temperature variations.
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aging materials, is expressed as:et  eðtÞ ¼ g0ðrt; T tÞD0rt þ g1ðrt; T tÞ
Z t
0
DDðw
twsÞ d½g0ðrs; T sÞrs
ds
dsþ
Z t
0
aðT sÞ dDT
s
ds
ds ð1ÞHere D0 and DD are the instantaneous elastic and transient compliances, w is the reduced-time (eﬀective time)
given by:wt  wðtÞ ¼
Z t
0
dn
aðrn; T nÞ ð2ÞThe uniaxial transient compliance is expressed using a Prony series as:DDw
t ¼
XN
n¼1
Dn 1 exp knwt½ ð Þ ð3ÞThe constitutive model in Eq. (1) with time function in Eq. (3) can be visualized by series arrangement of N
Kelvin–Voigt elements and elastic spring. Each spring has stress and temperature dependent material con-
stants. The parameter g0 is the nonlinear instantaneous elastic compliance and it measures the reduction or
increase in stiﬀness as a function of stress and temperature. The transient creep parameter g1 measures the
nonlinearity eﬀect in the transient compliance. The parameter g2 accounts for the loading rate eﬀect on the
creep response. At the reference environmental conditions, the nonlinear parameters are stress-dependent
only. The parameters ar
t
and aT
t
are time shift (interchange) factors in terms of stresses and non-reference tem-
peratures, respectively. In the case when the thermal eﬀects are carried through aT
t
only, the thermo-rheolog-
ically simple material (TSM) is exhibited. The superscript denotes a dependent variable of this term or
function. In general, the coeﬃcient of thermal expansion a is temperature dependent. For a constant a, the
thermal strain in Eq. (1) reduces to a (Tt  To) = aDT. The parameters Tt and To are the current and reference
temperatures, respectively. Equation (1) is suitable for small deformation gradient problem, as discussed in
detailed by Rajagopal and Srinivasa (2005).
The uniaxial viscoelastic behavior in Eq. (1) is generalized for the multiaxial (3D) constitutive relations of
the isotropic matrix medium by separating the deviatoric and volumetric strain–stress relations:etij ¼ etij þ
1
3
etkkdij þ aðT t  T 0Þdij ð4Þ
etij ¼
1
2
g0ðrt; T tÞJ 0Stij þ
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g1ðrt; T tÞ
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DJ ðw
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h i
ds
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g1ðrt; T tÞ
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0
DBðw
twsÞ d g2ðrs; T sÞrskk
 
ds
 
ds ð6ÞThe parameters J0 and B0 are instantaneous elastic shear and bulk compliances, respectively. The terms DJ
and DB are the time-dependent shear and bulk compliances, respectively, which are expressed in Eq. (7).DJw
t ¼
XN
n¼1
Jnð1 exp½knwtÞ; Jn ¼ 2ð1þ mÞDn
DBw
t ¼
XN
n¼1
Bnð1 exp½knwtÞ; Bn ¼ 3ð1 2mÞDn
ð7ÞThematrixPoisson’s ratio, m, inEq. (7) is assumed constant.ThePoisson’s ratio of thematerialmeasures the ratio
of the transverse strain to the axial strain due to loading along the axial direction for linearly elasticmaterials. The
analog of a transverse strain in linear viscoelasticity is deﬁned by (Wineman and Rajagopal, 2001):e22ðtÞ ¼ e33ðtÞ ¼ 
Z t
0
mðt  sÞde11ðsÞ ¼ 
Z t
0
e11ðt  sÞdmðsÞ ð8Þ
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elastic response is deﬁned by mðtÞ ¼  e22ðtÞeo
11
. This relation satisﬁes Eq. (8) when time variation of e11(t) is con-
sidered. However, under creep test, the following relation mðtÞ ¼  e22ðtÞe11ðtÞ does not necessarily fulﬁll the relation
in Eq. (8), except only for a constant m(t) = mo. In this study, responses from creep tests on E-glass ﬁber/poly-
mer composites are used for material characterization. It is also assumed that the time-dependent character-
istics of composites are attributed to the isotropic polymer matrix, while the E-glass ﬁbers remain linear
elastic. Fig. 1 illustrates the ratios of the transverse strain to the axial strain for specimens with 0 and 90 uni-
directional ﬁbers during creep tests at low load level and room temperature. The results show insigniﬁcant
time variation for the relatively short-term creep tests. In general, Poisson’s ratio obtained from the creep test
exhibit time-dependent responses. However, characterizing the time-dependent Poisson ratio from the creep
tests is quite challenging due to the diﬃculty in separating the time eﬀects of the axial creep strain and the
Poisson ratio. Thus, to simplify material characterization the matrix Poisson ratio, m, is assumed constant. De-
tailed discussions regarding Poisson’s ratio on viscoelastic materials can be found in Hilton (2001) and Lakes
and Wineman (2006).
To express the nonlinear stress-dependent material parameters in Eq. (1), Haj-Ali and Muliana (2003b) and
used general polynomial functions of the eﬀective stress (octahedral). However, using polynomial functions at
the highly nonlinear range may result in convergence problems due to drastically changes in consistent tangent
stiﬀness during the iterations at each incremental time-step. Other approaches have been proposed for exam-
ple using Ramberg–Osgood (R–O) strain-stress curve for the stress-dependent g0 (Muliana and Haj-Ali, 2006).
The advantage is that it gives faster convergence time and smoother convergence behavior. However, there is
no guarantee that one axial function (in terms of eﬀective shear) will match all levels of applied stress. There-
fore, segmental functions (a spline) for the diﬀerent ranges of applied stress may be a better alternative. In this
study, the stress and temperature dependent parameters in Eq. (1) are coupled in product form as previously
discussed by Peretz and Weitsman (1983) and Muliana et al. (2006). The parameters are given as:g ¼ araT ; j ¼ 0; 1; 2; a ¼ araT
grj ¼ 1þ aj
rﬃﬃﬃ
3
p
so
 nj1
; ar ¼ 1þ d rﬃﬃﬃ
3
p
so
 na1
gTj ¼ 1þ bj
T  T o
T o
 mj
; aT ¼ 1þ c T  T o
T o
 ma ð9ÞFig. 1. Ratio of the transverse strain to the axial strain during creep tests.
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eﬀective stress limit that determines the end of the linear viscoelastic range, and To is the reference temperature
at which the material properties are constant. For simplicity, the nonlinear material parameters will be written
as:gbðrt; T tÞ ¼ gtb; b ¼ 0; 1; 2
aðrt; T tÞ ¼ at; rt ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
StijS
t
ij
r ð10Þ
The integral forms in Eqs. (5) and (6) is solved using a recursive approach as previously studied by the authors
(Haj-Ali and Muliana, 2004). Substituting Eq. (7) into Eqs. (5) and (6) and performing the recursive integra-
tion, the incremental form of the deviatoric and volumetric strains are:Detij ¼ etij  etDtij
¼ J tStij  J tDtStDtij 
1
2
XN
n¼1
Jnðgt1 exp knDwt½   gtDt1 ÞqtDtij;n
 1
2
gtDt2
XN
n¼1
Jn gtDt1
1 exp½knDwtDt
knDw
tDt
 
 gt1
1 exp knDwt½ 
knDw
t
  
StDtij ð11Þ
Detkk ¼ etkk  etDtkk
¼ Btrtkk  BtDtrtDtkk 
1
3
XN
n¼1
Bnðgt1 exp knDwt½   gtDt1 ÞqtDtkk;n
 1
3
gtDt2
XN
n¼1
Bn gtDt1
1 exp knDwtDt
 
knDw
tDt
 !
 gt1
1 exp½knDwt
knDw
t
 " #
rtDtkk ð12ÞTh recurrence formula allows bypassing the need to store entire strain histories at each material integration
point. The parameters qtDtij;n and q
tDt
kk;n , n = 1, . . . ,N are the hereditary integral for every term in the Prony series
at the end of previous converged time (t  Dt) in the form of deviatoric and volumetric strains. These param-
eters are history state variables from the last converged step. The incremental reduced time is expressed as
Dwt  wt  wtDt and the current eﬀective deviatoric and volumetric compliances are:J t ¼ 1
2
gt0J 0 þ gt1gt2
XN
n¼1
Jn  gt1gt2
XN
n¼1
Jn
1 exp½knDwt
knDw
t
" #
ð13Þ
Bt ¼ 1
2
3 gt0B0 þ gt1gt2
XN
n¼1
Bn  gt1gt2
XN
n¼1
Bn
1 exp½knDwt
knDw
t
" #
ð14ÞThe numerical formulation assumes that the incremental strain and temperature rates are given and stress
components are chosen as the independent state variables. This algorithm is compatible with general displace-
ment based FE framework for uncoupled thermo-mechanical problems. Therefore, the incremental tempera-
tures can be directly linked to the time increment. The numerical formulation is carried out with constant
strain and temperature rates within each incremental step:de
dt
¼ ke; dT
dt
¼ kT
De ¼ keDt; DT ¼ kTDt
ð15ÞEqs. (11) and (12) are the incremental deviatoric and volumetric strains for general thermo-mechanical load-
ings under non-isothermal conditions, which can be used to calculate current stress states from given incre-
mental strains, incremental temperature, and previous history variables. The current stress states are
functions of the stress dependent parameters (gr
t
j and a
rt ), which are not known at the current time (t). The
Newton–Raphson (NR) iterative method is used to calculate the current stress state in Eqs. (11) and (12).
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ð16ÞNext, the trial stress states can be calculated using Eqs. (11) and (12) with assumptions in Eq. (16), which are:St;trij ¼
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ð18ÞUnder an isothermal condition, the trial incremental stresses reduce to:DSt;trij ¼
1
J t;tr
Detij þ
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XN
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Jn exp½knDwt  1ð ÞqtDtij;n
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ð19Þ
Drt;trkk ¼
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Bt;tr
Detkk þ
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XN
n¼1
Bnðexp½knDwt  1ÞqtDtkk;n
" #
ð20ÞThe terms J t;tr and Bt;tr have the same form as in Eq. (13), but with the nonlinear parameters (g0, g1, g2, and ar)
are functions of the trial eﬀective stress and current temperature. Eqs. (19) and (20) are identical to the line-
arized relations based on nonlinear stress-dependent developed by Lai and Bakker (1996). An iterative scheme
is formed by deﬁning strain residuals using the incremental strains:Rt;ðkÞij ¼ Det;ðkÞij þ
1
3
Det;ðkÞkk dij  Detij ð21Þwhere the variables Detij are the current incremental mechanical strains. A consistent tangent compliance (Jaco-
bian matrix) is then formed by taking the derivative of the residual vector with respect to the incremental stress
vector
oRtij
oDrtkl
. The consistent tangent stiﬀness matrix Ctijkl at the converged state is:Ctijkl 
oRtij
oDrtkl
 1
; kRtijk ! 0 ð22ÞAt the end of current step, the hereditary integrals qtDtij;n and q
tDt
kk;n , n = 1, . . .N are updated:qtij;n ¼ exp½knDwtqtDtij;n þ gt2Stij  gtDt2 StDtij
	 
 1 exp½knDwt
knDw
t ð23Þ
qtkk;n ¼ exp knDwt½ qtDtkk;n þ gt2rtkk  gtDt2 rtDtkk
  1 exp½knDwt
knDw
t ð24Þ
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A multi-scale framework for analyzing thermo-viscoelastic behaviors of the multi-layered composite
materials is shown in Fig. 2. The multi-layered composite consists of alternating layers of unidirectional ﬁber
bundle (roving) and continuous ﬁlament mat (CFM). The representative volume element (RVE) of the multi-
layered systems is idealized with a sublaminate model that consists of roving and CFM layers embedded in a
matrix medium. The sublaminate model homogenizes anisotropic viscoelastic responses of the CFM and rov-
ing layers. The outcome provides an anisotropic nonlinear viscoelastic response of a homogeneous medium at
a material point. At the lower scale, two unit-cells for the roving and CFM layers are generated to provide
homogeneous viscoelastic responses of the ﬁber reinforced polymers. The roving layer is idealized as doubly
periodic array of ﬁber with square cross sections. The CFM layer consists of relatively long, swirl, and ran-
domly oriented ﬁlaments. This system is idealized using a weighted-average response of two simpliﬁed micro-
models with ﬁber and matrix dominated responses. The 3D constitutive models for the ﬁber and matrixFig. 2. A multi-scale framework for the analysis of multi-layered composite materials.
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TCM, described in the previous section, is incorporated to the matrix subcells in the CFM and roving micro-
models. Perfect bond is assumed between adjacent layers in the sublaminate model and along the interfaces in
the unit cell models. The traction and displacement continuity relations are imposed to all interfaces. The for-
mulations are written in terms of the average stress and strain variables of the diﬀerent subcells.
3.1. Linearized micromechanical relations
The micromechanical relations are derived in terms of incremental formulations of the average stress-strain,
described by Haj-Ali and Pecknold (1996), Haj-Ali et al. (2001), Haj-Ali et al. (2004). The eﬀective properties
of a heterogeneous medium are approximated using a volume averaged of individual constituents. This study
extends the incremental formulation of Haj-Ali and Pecknold (1996) for the time–stress–temperature depen-
dent material behaviors. The average stresses and strains are deﬁned by:rij ¼ 1V
Z
V
rijðxkÞdV ; i; j ¼ 1; 2; 3 ð25Þ
eij ¼ 1V
Z
V
eijðxkÞdV ð26ÞAn overbar indicates eﬀective material quantities. The strain is expressed by eij ¼ 12 ½ui;j þ uj;i, where ui is the
component of the displacement tensor. A basic unit-cell that represents geometrical and material characteris-
tics is ﬁrst deﬁned. Each unit-cell is divided into a number of subcells and the spatial variation of the displace-
ment ﬁeld in each subcell is assumed such that the stresses and deformations are spatially uniform. Traction
continuity at an interface between subcells is satisﬁed in an average sense. The average incremental stresses
and strains in the unit-cell model are given as:drij ¼ 1V
XN
a¼1
Z
V ðaÞ
drðaÞij ðxðaÞk Þ; dV ðaÞ ¼
1
V
XN
a¼1
V ðaÞ drðaÞij ð27Þ
deij ¼ 1V
XN
a¼1
Z
V ðaÞ
deðaÞij ðxðaÞk Þ; dV ðaÞ ¼
1
V
XN
a¼1
V ðaÞ deðaÞij ð28ÞThe superscript denotes the subcell number and N is the number of subcells. The stress drðaÞij and strain de
ðaÞ
ij
are the incremental average stress and strain in each subcell. The unit-cell volume V is:V ¼
XN
a¼1
V ðaÞ ð29ÞThe micromechanical formulation provides composite eﬀective stiﬀness and compliances. The incremental
average stresses and strains of the ﬁctitious homogeneous media can be expressed by:drij ¼ Cijkldekl or ð30Þ
deij ¼ Sijkldrkl ð31ÞIn this study, the micromechanical model is designed to be compatible with displacement based FE struc-
tural analyses, in which the eﬀective strains e are the independent variables. The subcell strain-interaction
matrix (B(a)), which relates the subcell average strains, e(a), to the eﬀective unit-cell average strain, e, are for-
mulated. The incremental relations are expressed by:deðaÞij ¼ BðaÞijkl dekl ð32Þ
Substituting Eq. (32) to (28) gives:deij ¼ 1V
XN
a¼1
V ðaÞBðaÞijkl dekl ð33Þ
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PN
a¼1V
ðaÞBðaÞ ¼ I should be satisﬁed. Next, the incremental consti-
tutive equation is expressed for each subcell:drðaÞij ¼ CðaÞijkldeðaÞkl ¼ CðaÞijklBðaÞklrsders ð34Þwhere C(a) is the tangent stiﬀness of the subcell a. For the matrix subcells, the consistent tangent stiﬀness in Eq.
(22) will be used. Substituting Eqs. (34) into (27) gives:drij ¼ 1V
XN
a¼1
V ðaÞCðaÞijklB
ðaÞ
klrsders ð35ÞIt is also assumed that the RVE’s length scale is much smaller than the macrostructural scale such that the
steady state condition in each unit-cell (represented by a material point) is reached in a very short period with
respect to the overall time responses. Therefore, the transient heat conduction analysis in each unit-cell of the
RVE can be skipped and temperatures are assumed to vary at the global material points. The incremental tem-
perature in each unit-cell at the steady-state condition is deﬁned by:dT ¼ dT ðaÞ ð36Þ
Next, the eﬀective tangent stiﬀness matrix C is determined by:Cijrs ¼ 1V
XN
a¼1
V ðaÞCðaÞijklB
ðaÞ
klrs ð37ÞThe eﬀective stiﬀness matrix in Eq. (37) for the multi-layered systems is obtained in multiple steps. This forms
the multi-scale material framework, which are summarized as:Cijrs ¼ 1
V ðRÞ þ V ðCÞ V
ðRÞCðRÞijklB
ðRÞ
klrs þ V ðCÞCðCÞijklBðCÞklrs
	 

R ¼ roving; C ¼ CFM ð38Þ
CðRÞijrs ¼
1
V ðRÞ
X4
a¼1
V ðaÞCðaÞijklB
ðaÞ
klrs ð39Þ
CðCÞijrs ¼
1
V ðCÞ
X4
a¼1
V ðaÞCðaÞijklB
ðaÞ
klrsNext, the strain-interaction matrices B(a) are formed for every subcell using the strain compatibility rela-
tions, traction continuity conditions, and the constitutive equation. The traction continuity and displacement
compatibility for the roving, CFM, and sublaminate models. A set of linear equations of the incremental
strain vectors for each of the subcells is grouped in terms of displacement compatibility and traction continuity
conditions:fReg ¼ ½A1
deð1Þ
. . .
deðNÞ
8><
>:
9>=
>; ½Dfdeg ð40Þ
fRrg ¼ ½A2
deð1Þ
. . .
deðNÞ
8><
>:
9>=
>; ½Ofdeg ð41Þwhere R is the residual vector arising from the linearized strain compatibility relations. When linear elastic
responses are exhibited for all subcells, the vector R is automatically zero. The residual vector Rr arising from
the linearized traction continuity relations, which once again for linear elastic constituents, its components are
zero. The B(a) matrices in Eq. (32) are then formed using Eqs. (40) and (41), which in linearized relations are:
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. . .
BðNÞ
2
64
3
75 ¼ A1
A2
 1
D
O
 
ð42ÞThe A and D matrices in Eq. (42) for the sublaminate, CFM, and roving systems are given in Muliana and
Haj-Ali (2004), which are summarized in Appendix A.3.2. Stress correction schemes
The linearized micromechanical relations with tangential material stiﬀness are used to generate trial incre-
mental stresses and strains for the subcells. Due to the nonlinear and time-dependent response in the matrix
subcells, the incremental relations often violate the constitutive equations. This study introduces iterative cor-
rection schemes to satisfy both the micromechanical constraints and the nonlinear thermo-viscoelastic consti-
tutive equations. The total micromechanical relations are used to deﬁne a residual error for each micromodel
and the Newton–Raphson method is used to correct the trial solution. The iterative numerical algorithm,
which provides the correct stress and its corresponding nonlinear parameters for a given strain and tempera-
ture increments, are performed at each level in the multi-scale framework. Due to the uncoupled thermo-
mechanical problems, the trial incremental temperature is directly linked to the incremental time step. When
a temperature loading is incorporated, diﬀerent coeﬃcients of thermal expansion between ﬁber and matrix can
cause thermal stresses. The above stress correction algorithm is derived to satisfy total traction continuity and
strain compatibility relations that include mechanical and thermal eﬀects.
The stress correction scheme for the roving and CFM unit-cells is summarized in Fig. 3. Input variables to
this algorithm are current incremental eﬀective strains, current incremental temperature, eﬀective stress from
the previous converged solution, and history variables. The history variables include stress–strain states and
hereditary integrals for each subcell from the last converged solution. The stress and strain residuals are
deﬁned using Eqs. (40) and (41). Corrections are then performed for the subcell’s incremental strains. Once
convergence is achieved, the following variables: eﬀective stresses and tangent stiﬀness, subcell’s stress–strain
states, and hereditary integrals are updated and sent to the upper level, which is the sublaminate model. Sim-
ilar stress-correction algorithm is formulated for the sublaminate model and at the end of iteration, the eﬀec-
tive stresses, tangent stiﬀness, and history variables are updated and delivered to the structural (FE) level.4. Implementation of the proposed multi-scale framework
Compression creep data on the axial, transverse, and 45 oﬀ-axis E-glass/vinylester multi-layered specimens
are used to calibrate in-situ matrix properties and validate the multi-scale framework. The axial, transverse, and
45 oﬀ-axis coupons are cut from 0.500 thick composite plates such that the orientation for the roving layers is
controlled. The specimens used in this study are obtained from the same composite panels as previously tested
by Haj-Ali and Kilic (2003a) to calibrate material nonlinear elastic properties. Fiber volume fraction (FVF),
eﬀective elastic modulus, and ultimate strength in this E-glass/vinylester system are reported in Table 1. Based
on the manufacturer (Creative Pultrusion Inc.) design guideline, the recommended elevated temperature for E-
glass/vinylester systems is up to 200 F. At this temperature limit, the materials possess 80% and 90% of their
initial strength and stiﬀness, measured at the room temperature, respectively. Short-term (30 min) creep tests
are performed under several load levels (0.2–0.6 of the ultimate compression strength, rulthc , of each coupon)
and isothermal temperatures (75–150 F). The compression tests are carried out in accordance with the ASTM
D3410 (2003). A dummy coupon with an inserted thermocouple is also placed in the chamber during the creep
tests to measure temperature inside the specimen. Single coupon is used for multiple creep tests on oﬀ-axis spec-
imen under stress levels 0.2, 0.4, and 0.6 of the specimen’s ultimate strength and temperatures 75, 100, 125, and
150 F. Testing starts with the lowest temperature and at stress levels 0.2, 0.4, and 0.6 consecutively and ends
with the highest temperature (150 F) and stress level (0.6). The coupons subjected to multiple creep tests are
given at least 24 h recovery duration between the consecutive tests. Creep tests at the highest temperature
for every stress level are repeated using diﬀerent coupons, except for the transverse (90) specimen, in which
Fig. 3. A micromechanical stress correction algorithm for nonlinear thermo-viscoelastic behavior in roving and CFM unit-cells.
Table 1
Eﬀective compressive material properties for E-glass/vinylester system with FVF 34% measured at T = 75 F (Haj-Ali and Kilic, 2003a)
Oﬀ-axis angle (h) 0 45 90
Young modulus, ksi (GPa) 2779 (19.2) 1727 (11.9) 1727 (11.9)
rultc , ksi (MPa) 40 (276) 24 (165) 24 (165)
2948 A.H. Muliana, R. Haj-Ali / International Journal of Solids and Structures 45 (2008) 2937–2963the repeated creep tests are performed using the same coupon. The repeated tests are used to examine possible
accumulated residual strain and damage occurred during the creep tests from a single coupon.4.1. Calibration of in-situ material properties
The in-situ properties of the linear elastic ﬁber and matrix, given in Table 2, were previously calibrated for
the E-glass/vinylester multi-layered FRP composite (Haj-Ali and Muliana, 2003b). Prony series coeﬃcients,
Eq. (3), are determined for the matrix systems using a single creep test on 45 oﬀ-axis coupon under load ratio
Table 2
Elastic properties of E-glass ﬁber and vinylester matrix (Haj-Ali and Muliana, 2003b)
E ksi (GPa) m
Fiber (E-glass) 10,500 (72.4) 0.25
Matrix (vinylester and additives) 600 (4.1) 0.30
A.H. Muliana, R. Haj-Ali / International Journal of Solids and Structures 45 (2008) 2937–2963 29490.2 and temperature 75 F. At this stage, the nonlinear viscoelastic parameters are equal to one. The corre-
sponding Prony series coeﬃcients Dn are varied until the overall eﬀective creep response matches the experi-
mental data for the 45 specimen. The calibrated Prony series coeﬃcients are given in Table 3. The stress-
dependent parameters with polynomial functions and Ramberg–Osgood (R–O) stress–strain relation were
previously determined (Haj-Ali et al., 2001; Haj-Ali and Muliana, 2003b), as illustrated in Fig. 4. The present
study uses the R–O stress–strain relations for the matrix systems. Creep response for the 45 oﬀ-axis specimen
under load level 0.2 and temperature 75 F are once again compared with the micromodel responses having
time-dependent material properties in Table 3 and stress-dependent properties from Fig. 4. The comparisons
are presented in Fig. 5.
Next, the temperature-dependent parameters, Eq. (9), for the isotropic matrix are calibrated using
creep responses from the 45 oﬀ-axis specimen under load ratio 0.2, shown in Fig. 5. The reference
temperature To is chosen at 75 F. The coeﬃcients (bj and mj, j = 0,1,2) in Eq. (9) are calibrated by varying
these coeﬃcients until the overall creep response matches with the experimental data. The calibratedTable 3
Calibrated Prony series coeﬃcients for the matrix (from 30 min creep tests)
n kn (s
1) Dn  106, ksi1 (MPa1)
1 1 151 (21.89)
2 101 66 (9.57)
3 102 55 (7.98)
4 103 71 (10.30)
5 104 70 (10.15)
6 105 45 (6.53)
Fig. 4. Nonlinear stress-dependent parameter for the vinylester matrix.
Fig. 5. Creep compression responses for 45 oﬀ-axis specimens (load level 0.2).
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to the relatively short time involved. However, the main goal is to verify the ability of the multi-scale consti-
tutive material model in predicting the overall time-dependent response under thermo-mechanical loading.4.2. Short-term prediction of the multi-scale framework for thermo-viscoelastic behaviors
The ability of the proposed multi-scale framework to predict the overall nonlinear time-stress-temperature
dependent responses for the oﬀ-axis coupon tests that were not used in the calibration process is presented.Fig. 6. Temperature dependent parameters for vinylester resin.
A.H. Muliana, R. Haj-Ali / International Journal of Solids and Structures 45 (2008) 2937–2963 2951Figs. 7 and 8 show multi-scale framework predictions of thermo-mechanical creep strains for the 45 oﬀ-axis
specimens under load ratio 0.4 and 0.6. Creep tests at the highest temperature (150 F) are repeated using dif-
ferent specimens. The results from the proposed model are in good agreement with the experimental curves.
Some deviations due to highly nonlinearity are shown from the two creep responses at load ratio 0.6 and tem-
perature 150 F. Creep strains for the uniaxial specimens at load ratio 0.2 and 0.4 are shown in Figs. 9 and 10.
Material failure has occurred during creep tests on the axial specimen tested at load ratio 0.6 and elevated
temperatures 125 and 150 F. Figs. 11–13 show micromodel predictions of thermo-mechanical creep strainsFig. 7. Creep compression responses for 45 oﬀ-axis specimens (load level 0.4).
Fig. 8. Creep compression responses for 45 oﬀ-axis specimens (load level 0.6).
Fig. 9. Creep compression responses for uniaxial specimens (load level 0.2).
Fig. 10. Creep compression responses for uniaxial specimens (load level 0.4).
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predictions of the studied multi-layered composites.4.3. Long-term material behaviors
For a class of thermo-rheologically complex material (TCM), vertical shifting of the short-term data
prior to the horizontal shifting is required to create a master curve that predicts a long-term material response
Fig. 11. Creep compression responses for transverse specimens (load level 0.2).
Fig. 12. Creep compression responses for transverse specimens (load level 0.4).
A.H. Muliana, R. Haj-Ali / International Journal of Solids and Structures 45 (2008) 2937–2963 2953(Griﬃth et al., 1980; Tuttle, 1984; Yen and Williamson, 1990). The parameter aT is a time shift factor used to
determine a creep/relaxation response at a non-reference temperature by shifting the response in the time scale
to the response at the reference condition. Vertical shifting is associated with nonlinear stress and temperature
dependent behaviors. Detail shifting procedure for this multi-layered system is given in Muliana et al. (2006).
Fig. 14 shows the master curve for the uniaxial E-glass/vinylester specimens tested at load level 0.2 at the
reference temperature of 75 F. The master curve represents creep behaviors up to 500 h (1000 times longer
than the conducted creep tests). To create master curves with longer time responses a linear extrapolation
of the available master curve is carried out. The extrapolation technique was initially used to predict long-term
Fig. 13. Creep compression responses for transverse specimens (load level 0.6).
Fig. 14. Linear extrapolated master curve for the uniaxial specimens under load level 0.2.
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ing and the one from the horizontal shifting only is also presented in Fig. 14. It is seen that if only the hor-
izontal shifting is performed, the master curve predicts lower and longer transient (time-dependent) responses.
Fig. 15(a) and (b) presents long-term responses created using a linear extrapolation of the master curves,
which predict 6000 and 12,000 h compression creep tests of Scott and Zureick (1998). It should be noted that
the linear extrapolation creep strains will only be valid for a condition, at which the tertiary creep stage has not
been occurred yet or the materials have not exhibited microstructural damages.
In this study, the master curve is extended using a linear extrapolation up to period of 25,000 h (nearly
3 years). Long-term material behaviors at temperature 75 F are created for all oﬀ-axis specimens at load
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which are calibrated from the short-term creep tests, on the overall long-term behaviors. Next, the Prony
parameters in Eq. (3) are recalibrated from the long-term response of the 45 oﬀ-axis specimen at load level
0.2, as shown in Fig. 16. The long-term Prony series in an hour unit time are given in Table 4. Long-term pre-
dictions of the multi-scale model with the calibrated nonlinear and long-term material parameters are pre-
sented for higher stress level, illustrated in Fig. 16. Deviation in the long-term prediction at high load level
(0.6 ratio) is due to the high value of gr0, represented by R–O stress–strain relation (Fig. 4). In their previous
paper (Haj-Ali and Muliana, 2003b), the authors have mentioned the out of range gr0 calibration at stress level
0.6. In addition, there is no guarantee that one function (in terms of eﬀective stress) will match all levels of
applied stress. Therefore, segmental functions for the diﬀerent ranges of applied stress may be a betterFig. 15. Long-term transient creep strains for uniaxial E-glass/vinylester coupons: (a) load ratio 0.2; (b) load ratio 0.4.
Fig. 16. Long-term creep strains for 45 oﬀ-axis specimens.
Table 4
Long-term Prony series coeﬃcients for the matrix (from 25,000 hour extended creep data)
n kn (h
1) Dn  106, ksi1 (MPa1)
1 1 481 (69.75)
2 101 311(45.10)
3 102 330 (47.85)
4 103 351 (50.90)
5 104 390 (56.55)
6 105 3850 (558.25)
7 106 4500 (652.50)
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tion is to examine the eﬀects of stress-dependent parameter in the polymeric matrix on the overall long-term
responses. Comparisons of predicted long-term responses with reducing gr0 value is also shown for the load
level 0.6, as illustrated in Fig. 16. It is seen that the instantaneous stress-dependent material parameter of
the polymeric matrix aﬀects the long-term overall responses of composite systems. Fig. 18 presents multi-scale
model predictions of the long-term behaviors of the transverse specimens at several load levels. Finally, long-
term predictions of the uniaxial specimens are given in Fig. 19. No prediction is shown for the load level 0.6
due to material failure during testing at high temperatures. Overall, good predictions of the multi-scale frame-
work are shown.
5. FE structural analyses
Thermo-viscoelastic analyses of FRP multi-layered composite structures are presented using the proposed
multi-scale framework. The multi-scale material model is implemented within the material subroutine
(UMAT) in the ABAQUS (2004) FE code. Creep collapse on multi-layered composite columns under axial
compression loads and thermo-viscoelastic analysis on a multi-layered composite pipe are presented.
FE model with 1360 3D brick elements (C3D20R) are generated for an I-shaped composite columns
having cross sectional area of 4  4  0.49 in. and spans of 80 in. Critical load and temperatures and its
Fig. 17. Nonlinear stress-dependent parameter for the vinylester matrix (Ramberg–Osgood stress–strain relations with and without
modiﬁed parameters).
Fig. 18. Long-term creep strains for transverse specimens.
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peratures are ﬁrst computed from nonlinear time-independent FE buckling analyses and are compared with
Euler buckling loads, shown in Table 5. Temperature dependent material parameter (g0), Fig. 6, is used during
the static buckling analyses. Long-term creep behaviors of the columns are then simulated for diﬀerent com-
binations of load levels: 0.6–0.8 of Pcr and temperatures 75–150 F. Geometry imperfection is modeled by per-
turbing a perfect geometry with the ﬁrst ﬁve eigen modes and a scale factor of L/200 is chosen for each mode,
Fig. 19. Long-term creep strains for uniaxial specimens.
Table 5
Elastic critical buckling loads at several temperatures
Temperature (F) 75 100 125 150
Critical load per-kips (kN) 82.70 (368) 81.89 (364) 80.24 (357) 78.33 (348)
Euler buckling load at (PE = 83.37 kips = 370 kN. Calculated at 75 F).
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span of the columns, for load levels 0.6, 0.7, and 0.8, respectively, under several temperatures. As expected,
elevated temperatures accelerate the deformations and lead to faster structural collapse. The critical collapse
time, in which unstable deformed conﬁguration is reached, is numerically determined when the normalized
axial deformation rate reaches the value of 2. Fig. 21 illustrates the collapse time under several combined loads
and temperatures. It is shown that there are load and temperature limits, at which the column will collapse at
inﬁnite time (beyond 1000 months). These limits depend strongly on available long-term material responses. In
this study, the analyses are performed using approximately 25,000 h (35 month) long-term data. Thus, the pre-
dicted time-dependent behaviors after 35 month periods can be considered as a lower bound.
The second study presents thermo-viscoelastic analyses on a multi-layered long composite tube having
repeated layers of roving and CFM in the radial direction. The tube dimensions are given in Fig. 22(a).
The tube is subjected to internal temperature of 150 F and internal pressure of 1 ksi. FE model with eight
continuum brick element through the thickness is generated. Due to symmetry condition, only one segment
of the tube is modeled and symmetry boundary conditions are imposed (Fig. 22b). The temperature ﬂows
through the tube’s thickness for nearly 1000 s, after which the tube is under a steady state condition at
150 F. Creep responses for period 1 h after ramp loading has completed are presented in Fig. 23. Numerical
result is also included for material that exhibits nonlinear stress-dependent behavior of the thermo-rheologi-
cally simple (TSM), in which gT1 ¼ gT2 ¼ 1. It can be seen that the eﬀect of time–temperature in-situ material
(polymeric matrix) properties on the overall time-dependent composite structural behavior is signiﬁcant.
Another numerical example is conducted for three short-term cycles of temperature and internal pressure
creep-recovery, shown in Fig. 24. The results are compared with the long creep-recovery responses. It is seen
that cyclic load tends to accelerate creep strains. This is due to the accumulated strains during the cyclic load-
ing without allowing the materials to fully recovered.
Fig. 20. Normalized transverse displacements for load ratios (a) 0.6, (b) 0.7, and (c) 0.8.
A.H. Muliana, R. Haj-Ali / International Journal of Solids and Structures 45 (2008) 2937–2963 2959
Fig. 21. Critical time for columns to collapse.
Fig. 22. Geometry and FE models for a multi-layered composite tube.
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A multi-scale 3D micromechanical-structural framework is developed for the nonlinear thermo-viscoelastic
analysis of multi-layered composites with thermo-rheologically complex behavior. The viscoelastic material
behavior is stress and temperature dependent. The Schapery viscoelastic model is used and modiﬁed for the
polymeric matrix while the ﬁbers follow linear elastic responses. The three-dimensional (3D) multi-scale
framework links three nested micromechanical models, which are sublaminate, roving, and CFM, through
Fig. 23. Hoop creep strain at the distance 0.0625 in. from the internal surface under constraint internal pressure 1 ksi and temperature
150 F.
Fig. 24. Hoop creep strain at the distance 0.0625 in. from the internal surface under cyclic internal pressure and uniform temperature.
A.H. Muliana, R. Haj-Ali / International Journal of Solids and Structures 45 (2008) 2937–2963 2961several eﬃcient homogenization techniques. The micromechanical relations, which are suitable for small
deformation and uncoupled mechanical and thermal loadings, are formulated in terms of the average strains
and stresses that satisfy traction continuity and displacement compatibility at an interface between subcells.
The sublaminate and micromechanical homogenization schemes can eﬀectively obtain the equivalent homo-
geneous thermo-viscoelastic responses while simultaneously recognizing the behavior of the individual matrix
and ﬁber constituents. The proposed framework is general and can be eﬀectively used for predicting long-term
behaviors of multi-layered and thick-section composites.
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